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On the basis of the f-deformed oscillator formalism, we propose to construct nonlinear
coherent states for Hamiltonian systems having linear and quadratic terms in the the
number operator by means of the two following definitions: i) as deformed annihilation
operator coherent states (AOCS) and ii) as deformed displacement operator coherent
states (DOCS). For the particular cases of the Morse and Modified Po¨schl-Teller poten-
tials, modeled as f-deformed oscillators (both supporting a finite number of bound states),
the properties of their corresponding nonlinear coherent states, viewed as DOCS, are an-
alyzed in terms of their occupation number distribution, their evolution on phase space,
and their uncertainty relations.
1. Introduction
The idea of creating a coherent state for a quantum system was first proposed by
Schro¨dinger, in 1926, in connection with the classical states of the quantum harmonic
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2oscillator; he referred to them as states of the minimum uncertainty product [ 1]. Almost
forty years later in 1963, Glauber [ 2] introduced the field coherent states, these have been
realized experimentally with the development of lasers, and can be obtained from any one
of three mathematical definitions: (i) as the right-hand eigenstates of the boson annihila-
tion operator aˆ|α〉 = α|α〉, with α being a complex number; (ii) as the states obtained by
application of the displacement operator D(α) = exp(αaˆ†−α∗aˆ) upon the vacuum state;
and (iii) as those states with a minimum uncertainty relationship (∆q)2(∆p)2 = 1/4, with
q = (aˆ+ aˆ†)/
√
2 and p = i(aˆ†− aˆ)/√2 the position and momentum operators respectively
and ∆q = ∆p. The same states are obtained from any one of the three mathematical
definitions when one makes use of the harmonic oscillator algebra. At the same time,
Klauder [ 3] developed a set of continuous states in which the basic ideas of coherent
states for arbitrary Lie groups were contained. The complete construction of coherent
states of Lie groups was achieved by Perelomov [ 4] and Gilmore [ 5] almost ten years
later; the basic theme of this development was to connect the coherent states with the
dynamical group for each physical problem thus allowing the generalization of the concept
of coherent state. For systems far from the ground state or with a finite number of bound
states, the harmonic oscillator algebra is no longer adequate, therefore there has arisen an
interest in generalizing the concept of coherent state for systems with different dynamical
properties.
Nieto and Simmons [ 6] generalized the notion of coherent states for potentials having
unequally spaced energy levels. Their construction is such that the resultant states are
localized, follow the classical motion and disperse as little as possible in time. Their
coherent states are defined as those which minimize the uncertainty relation equation.
They constructed coherent states for the Po¨schl-Teller potential, the harmonic oscillator
with a centripetal barrier and the Morse potential.
Gazeau and Klauder [ 7] proposed a generalization for systems with one degree of
freedom possessing discrete and continuous spectra. These states present continuity of
labeling, resolution of unity, and temporal stability. The key point is to parametrize such
states by means of two real values: an amplitude J and a phase γ, instead of using a
complex value α.
Man’ko and collaborators [ 8] introduced coherent states of a f-deformed algebra as
eigenstates of a deformed annihilation operator Aˆ = aˆf(nˆ), where aˆ is the usual annihila-
tion operator of the harmonic oscillator algebra and f(nˆ) is a number operator function
that specifies the potential. These states present nonclassical properties such as squeezing
and anti-bunching. More recently, they generalized the displacement operator method for
the case of f-deformed oscillators introducing a deformed version of the displacement op-
erator [ 9] with the disadvantage that it is non unitary and does not displace the deformed
operators in the usual form.
On the basis of the f-deformed oscillator formalism, in previous works we put forward
the construction of generalized coherent states for nonlinear systems by selecting a specific
deformation function in a way such that the energy spectrum of the Hamiltonian it seeks
to describe is similar to that of a f-deformed Hamiltonian. In this regard, we examined the
trigonometric and the modified Po¨schl-Teller potentials, as well as the Morse potential, all
of them containing linear and quadratic terms in the number operator [ 10]. In addition
to these, a harmonic oscillator with an inverse square potential in two dimensions was
3also considered [ 11].
Coherent states have been applied not only in optics but in many fields of physics,
for instance, in the study of the forced harmonic oscillator [ 12], quantum oscillators [
13], quantum nondemolition measurements [ 14], nonequilibrium statistical mechanics[
15], and atomic and molecular physics [ 16, 17, 18]. Excellent reviews can be found in [
19, 20, 21].
The paper is organized as follows. In section 2 we briefly describe the properties of
the usual coherent states. In section 3 we present a methodology to construct deformed
Hamiltonians for specific systems. In section 4 we give two alternative forms to obtain
the coherent states pertinent to a nonlinear Hamiltonian. And finally, in section 5 we
present some numerical results.
2. Harmonic oscillator or field coherent states
The harmonic oscillator coherent states, also called field coherent states [ 2], are quan-
tum states of minimum uncertainty product which most closely resemble the classical
ones in the sense that they remain well localized around their corresponding classical tra-
jectory. When one makes use of the harmonic oscillator algebra, the same coherent states
are obtained from the three Glauber’s mathematical definitions mentioned above. Such
states take the following form in terms of the number state basis:
|α〉 = e− 12 |α|2
∞∑
n=0
αn√
n!
|n〉, (1)
where α is an arbitrary complex number. For every complex number α 6= 0 the coherent
state |α〉 has a non zero projection on every Fock state |n〉.
From a statistical point of view, it follows from the above that the occupation number
distribution of a coherent state, Pα(n) = |〈n|α〉|2, is characterized by a Poisson distribu-
tion:
Pα(n) = e
−|α|2 |α|2n
n!
, (2)
with an average occupation number n¯ = |α|2 and mean square root deviation
∆N =
√
〈α|N2|α〉 − 〈α|N |α〉2 = |α| = √n¯.
Such states are not orthogonal, and the overlap between two of them is given by
〈α|β〉 = e− 12 |β−α|2e 12 (β∗α−βα∗) (3)
Moreover, they form an over-complete basis with the closure relationship,
I = 1
pi
∫
|α〉〈α|d2α, (4)
so that any state of the group generated by the operators aˆ, aˆ† and nˆ = aˆ†aˆ can be
expanded in terms of coherent states.
43. Deformed Oscillators
A deformed oscillator is a non-harmonic system characterized by a Hamiltonian of the
harmonic oscillator form
HˆD =
h¯Ω
2
(
AˆAˆ† + Aˆ†Aˆ
)
, (5)
with a specific frequency Ω and deformed boson creation Aˆ† and annihilation Aˆ operators
defined as [ 8]:
Aˆ† = f(nˆ)aˆ† = aˆ†f(nˆ+ 1), Aˆ = aˆf(nˆ) = f(nˆ+ 1)aˆ, (6)
with f(nˆ) a number operator function that specifies the deformation. The commutation
relations between the deformed operators are:
[Aˆ, Aˆ†] = (nˆ+ 1)f 2(nˆ+ 1)− nˆf 2(nˆ), [Aˆ, nˆ] = Aˆ, [Aˆ†, nˆ] = −Aˆ†. (7)
Notice that the commutation relations between the deformed operators Aˆ, Aˆ† and the
number operator are the same as those among the usual operators aˆ, aˆ† with the number
operator. Note that the eigenfunctions of the harmonic oscillator |n〉 are also eigen-
functions of the deformed oscillator. In terms of the number operator, the deformed
Hamiltonian takes the form:
HˆD =
h¯Ω
2
(
nˆf 2(nˆ) + (nˆ+ 1)f 2(nˆ+ 1)
)
. (8)
3.1. Algebraic Hamiltonian for the Morse potential
The Morse oscillator is a particularly useful anharmonic potential for the description of
systems that deviate from the ideal harmonic oscillator conduct and has been used widely
to model the vibrations of a diatomic molecule. If we choose the deformation function [
22]:
f 2(nˆ) = 1− χanˆ, (9)
with χa an anharmonicity parameter, and substitute it into Eq. 8, we obtain an algebraic
Hamiltonian of the form
HˆD = h¯Ω
[
nˆ+
1
2
− χa
(
nˆ+
1
2
)2
− χa
4
]
, (10)
whose spectrum is in essence identical to that of the Morse potential [ 23], i.e,
En = h¯ωe
(
n+
1
2
)
− h¯ωe
2N + 1
(
n+
1
2
)2
, (11)
provided that ωe = Ω and χa = 1/(2N + 1), with N being the number of bound states
corresponding to the integers 0 ≤ n ≤ N − 1. For this particular choice of deformation
function, the commutator between deformed operators is:
[Aˆ, Aˆ†] = 1− χa(2nˆ+ 1) = 2(N − nˆ)
2N + 1
, (12)
5from which one can see that the commutator equals a scalar plus a linear function of the
number operator.
The action of the deformed operators upon the number states is:
Aˆ|n〉 = √nf(n)|n− 1〉 =
√
n(1− χan)|n− 1〉 (13)
and
Aˆ†|n〉 = √n+ 1f(n+ 1)|n+ 1〉 =
√
(n+ 1)(1− χa(n+ 1))|n+ 1〉. (14)
The deformed operators change the number of quanta in ±1 and their corresponding
matrix elements depend on the deformation function f(n). Furthermore, from the com-
mutation relations we see that the set {Aˆ, Aˆ†, nˆ, 1} is closed under the operation of com-
mutation.
3.2. Algebraic Hamiltonian for the Modified Po¨schl-Teller potential
The modified Po¨schl-Teller potential can be written as:
V (x) = U0 tanh
2(ax) (15)
where U0 is the depth of the well, a is the range of the potential and x is the relative dis-
tance from the equilibrium position. The eigenfunctions and eigenvalues are, respectively,
[ 23]
ψn(ζ) = N

n(1− ζ2)/2F (−n, + s+ 1; + 1, (1− ζ)/2) (16)
and
En = U0 − h¯
2a2
8µ
−(2n+ 1) +
√
1 +
8µU0
h¯2a2
2 , (17)
where N n is a normalization constant, ζ = tanh(ax), µ is the reduced mass of the
molecule, s is related with the depth of the well so that s(s + 1) = 2µU0/(h¯
2a2),  =√
−2µ(E − U0)/h¯a and F (a, b; c, z) stands for the hypergeometric function [ 24]. If we
write the eigenvalues in terms of the parameter s, we obtain
En =
h¯2a2
2µ
(
s+ 2sn− n2
)
. (18)
The number of bound states is determined by the dissociation limit  = s−nmax = 0. For
integer values of s, the state associated with null energy is not normalizable, whereby the
last bound state corresponds to nmax = s− 1 [ 25]. The modified Po¨schl-Teller potential
is a nonlinear potential symmetric in the displacement coordinate.
Let us now consider a deformation function of the form [ 10]
f 2(nˆ) =
h¯a2
2µΩ
(2s+ 1− nˆ) . (19)
6By substituting it into Eq. 8, we obtain the deformed Hamiltonian
HˆD =
h¯2a2
2µ
(
−nˆ2 + 2snˆ+ s
)
, (20)
whose spectrum is identical to that of Eq. 18. The harmonic limit is obtained by taking
s→∞, a→ 0 with sa2 → µΩ/h¯.
For this choice of deformation function, deformed operators, together with the number
operator, obey the following commutation relations:
[Aˆ, Aˆ†] =
h¯a2
µΩ
(s− nˆ), [Aˆ, nˆ] = Aˆ, [Aˆ†, nˆ] = −Aˆ†, (21)
which have the correct harmonic limit and are similar to those of the generators of the
SU(2) group.
3.3. Algebraic Hamiltonian for the trigonometric Po¨schl-Teller potential
The trigonometric Po¨schl-Teller potential is given by:
V (x) = U0 tan
2(ax), (22)
where U0 is the strength of the potential and a is its range. This potential supports an
infinite number of bound states, its eigenfunctions and eigenvalues are [ 6]:
ψλn(x) =
√√√√a(λ+ n)Γ(2λ+ n)
Γ(n+ 1)
(cos(ax))1/2P
1/2−λ
n+λ−1/2(sin(ax)), (23)
En =
h¯2a2
2µ
(n2 + 2λn+ λ) = h¯ω
(
n+
1
2
+
n2
2λ
)
, (24)
where µ is the mass of the particle, ω = h¯λa2/µ and the parameter λ is related to the
potential strength and range by λ(λ − 1) = 2µU0/h¯2a2. In the harmonic limit λ → ∞
and a→ 0 with λa2 = µω/h¯.
If we choose a deformation function [ 11]
f 2(nˆ) =
h¯a2
2µΩ
(nˆ+ 2λ− 1), (25)
the deformed Hamiltonian becomes
HˆD =
h¯2a2
2µ
(
nˆ2 + 2λnˆ+ λ
)
, (26)
whose eigenvalues are identical to those given by Eq. 24. Once we have given the de-
formation function, the deformed operators are specified. In this case the commutation
relations are:
[Aˆ, Aˆ†] =
h¯a2
µΩ
(nˆ+ λ), [Aˆ, nˆ] = Aˆ, [Aˆ†, nˆ] = −Aˆ†, (27)
which are similar to those of the generators of the SU(1, 1) group. We emphasize here
that the set of operators {Aˆ, Aˆ†, nˆ, 1} is closed under the operation of commutation.
74. Nonlinear Coherent States
In this work we consider the generalization of two of the known definitions given to
construct the field coherent states, namely, i) as eigenstates of an annihilation operator
and ii) as the states obtained from the application of the displacement operator upon a
maximal state.
4.1. Coherent states as eigenstates of the deformed annihilation operator
Following Man’ko and collaborators, we construct deformed coherent states as eigen-
states of the deformed annihilation operator [ 8]:
Aˆ|α, f〉 = α|α, f〉. (28)
In order to solve Eq. (28), let the state |α, f〉 be written as a weighted superposition of
the number eigenstates {|0〉, |1〉, . . . , |n〉, . . .}:
|α, f〉 = Nf
∞∑
n=0
cfn|n〉. (29)
On inserting this into Eq. 28, we get the following relation between the coefficients cfn and
cfn−1:
cfnf(n)
√
n = αcfn−1. (30)
By applying n times the annihilation operator, we get a relationship between cfn and c
f
0 :
cfnf(n)!
√
n! = αncf0 , (31)
where f(n)! = f(n)f(n − 1) · · · f(0). Substitution of Eq. 31 into Eq. 28 gives us the
following expression for the Annihilation Operator Coherent States (AOCS):
|α, f〉 = Nf
∞∑
n=0
αn√
n!f(n)!
|n〉. (32)
As an example we replaced the explicit form of the deformation function for the trigono-
metric Po¨schl-Teller potential and obtain the AOCS associated with this system
|α, f〉 = Nf
∞∑
n=0
αn
√√√√ (2λ)nΓ(2λ)
n!Γ(2λ+ n)
|n〉 (33)
with Nf = [0F1(2λ; 2λ|α|2)]−1/2 a normalization constant.
4.2. Coherent states obtained via the deformed displacement operator
In this subsection we construct the Displaced Operator Coherent States (DOCS) for the
nonlinear potentials discussed in section 3. We propose to construct them by application
of a deformed displacement operator on the fundamental state of the system, i.e,
|ζ(α)〉 = exp[αAˆ† − α∗Aˆ]|0〉 (34)
where α is a complex parameter. The deformed displacement operator is obtained from
the usual one through the replacement of the harmonic oscillator creation and annihilation
8operators by their deformed counterparts. Since the commutator between the deformed
operators can be a rather complicated function of the number operator, it is not possible,
in general, to disentangle the exponential in (34). However, for the cases we are considering
in this work, we have found that the commutator between the deformed operators Aˆ, Aˆ†
is equal to a scalar plus a linear function of the number operator, and therefore the
dynamical group pertinent to these systems is composed by the operators {Aˆ†, Aˆ, nˆ, 1}
which form a Lie algebra. So, the deformed displacement operator can be disentangled [
26, 27] to get (for the particular case of a Morse potential) [ 28]
Dˆf (α) = exp[αAˆ
† − α∗Aˆ],
= exp
(
ζ
Aˆ†√
χa
)(
1
1 + |ζ|2
)g(χanˆ)/2χa
exp
(
−ζ∗ Aˆ√
χa
)
, (35)
where, for a given value of α = |α|eiφ, the complex parameter ζ = eiφ tan(|α|√χa) is
introduced, and g(χanˆ) = [Aˆ, Aˆ
†]. The DOCS for this particular case can be obtained as:
|ζ〉 = Dˆf (α)|0〉 '
N−1∑
n=0
(
2N
n
)1/2
ζn
(1 + |ζ|2)N |n〉 (36)
where the explicit form of the deformation function has been used and the state is ap-
proximate due to the fact that the number of bound states supported by the potential is
finite.
5. Numerical results
5.1. Morse Nonlinear coherent states, phase space trajectories and occupation
number distribution
In this subsection we consider a hetero-nuclear diatomic molecule HF with 22 bound
states. Due to the asymmetry of the molecule we model it by means of a Morse potential.
According to Carvajal et al [ 29], the position and momentum variables for this system
can be expressed as a series expansion involving all powers of the deformed creation and
annihilation operators. Keeping up to second-order terms we obtain:
xˆD '
√
h¯
2µΩ
(
f00 + f10Aˆ
† + Aˆf01 + f20Aˆ†2 + Aˆ2f02
)
(37)
pˆD ' i
√
h¯µΩ
2
(
g10Aˆ
† + Aˆg01 + g20Aˆ†2 + Aˆ2g02
)
(38)
where the expansion coefficients are functions of the number operator and are given by [
31, 32]:
f00(nˆ) =
√
k
[
f0 + ln
(
(k − 2)(k − nˆ− 1)
(k − 1− 2nˆ)(k − 2nˆ)
)
(1− δnˆ,0)
]
(39)
f10(nˆ) = f01(nˆ) =
√
k − 1
k
(
1 +
nˆ
k − nˆ
)
(40)
9f20(nˆ) = f02(nˆ) =
k − 1
2k
√
k
( −1
(1− (nˆ− 1)/k)(1− nˆ/k)
)
, (41)
g10(nˆ) = −g01(nˆ) =
√
k − 1
k
(
k − 2nˆ
k − nˆ
)
, (42)
g20(nˆ) = −g02(nˆ) = −k − 1
k
√
k
(
k − (2nˆ− 1)
k(1− (nˆ− 1)/k)(1− nˆ/k)
)
, (43)
where in turn,
f0 = ln k −
k−2∑
p=1
1
p
− Γ
 , (44)
with
Γ = lim
m→∞
 m∑
p=1
1
p
− lnm
 = 0.577216 (45)
being the Euler constant and k is Child’s parameter [ 30] defined by k = 2N + 1 = 1/χa.
In what follows we define the deformed position and momentum operators xˆD and pˆD
taking h¯ = µ = Ω = 1 in Eqs. 37 and 38. When the deformation function is equal to 1
(χa = 0), these expressions take the harmonic values. In Ref. [ 31] we compared the phase
space trajectories obtained by averaging the deformed coordinate xˆD and momentum pˆD
(keeping up to second order terms) with those obtained averaging the Morse coordinate
and momentum and we found a very good agreement between them when the averages
were taken between nonlinear coherent states obtained as eigenstates of the deformed
annihilation operator (AOCS). In order to evaluate the phase space trajectories, here
we will consider the temporal evolution of the nonlinear coherent states obtained by
application of the deformed displacement operator on the vacuum state (see Eq. 36).
That is, we apply the time evolution operator Uˆ(t) = e−iHˆDt/h¯ on the state |ζ〉.
|ζ; t〉 = Uˆ(t)|ζ〉 = e−iΩt
[
nˆ+ 1
2
−χa(nˆ+ 12)
2−χa
4
]
|ζ〉. (46)
The averages are:
〈ζ, t|xˆD|ζ, t〉 = 〈ζ|Uˆ(t)†xˆDUˆ(t)|ζ〉, 〈ζ, t|pˆD|ζ, t〉 = 〈ζ|Uˆ(t)†xˆDUˆ(t)|ζ〉. (47)
Transformation of the deformed operators yield:
Uˆ(t)†AˆUˆ(t) = eiΩt[nˆ−χa(nˆ
2+nˆ)]Aˆe−iΩt[nˆ−χa(nˆ
2+nˆ)]
= e−iΩχatnˆ
2
eiΩt(1−χa)nˆAˆe−iΩt(1−χa)nˆeiΩχatnˆ
2
= e−iΩ(1−χa)te−iΩχatnˆ
2
AˆeiΩχatnˆ
2
= e−iΩt(1−2χa)e−2iΩχatnˆAˆ (48)
and
Uˆ(t)†Aˆ†Uˆ(t) = eiΩt(1−2χa)Aˆ†e2iΩχatnˆ, (49)
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notice the presence of the number operator in the exponentials. From these expressions
we can get Aˆ2(t) = Uˆ(t)†Aˆ2Uˆ(t) and Aˆ†2(t) = Uˆ(t)†Aˆ†2Uˆ(t) and obtain the deformed
coordinate and momentum as a function of time.
In figure 1 we show the occupation number distributions Pn(α) = |〈n|ζ(α)〉|2 (left
column) and the corresponding phase space trajectories (right column) for 〈nˆ〉 = 0.2,
2, and 4. In the calculation, a diatomic HF molecule is considered to be modeled by a
deformed Morse-like oscillator with N = 22 bound states. It can be seen from the figure
that for the values used for the parameter α, which fixes the average value of the number
operator, the occupation number distributions are such that the states near dissociation
are mostly unoccupied so it is to be expected that the contribution from the states in the
continuum can be neglected. Concerning the phase space trajectories we see that for a
given value of the average number operator, that is, a given value of the average energy,
there are several intersecting curves in contrast with the case of a field coherent state where
one finds a single trajectory for a given energy. The presence of several trajectories for a
given energy is a signature of the nonlinear term in the deformed Hamiltonian. Notice that
for a small energy (right column top) the phase space trajectories fill an anular region of
phase space with an unaccessible internal region. The width of the anular region narrows
when the parameter |α| is decreased, that is, for smaller values of the average number
operator. This unaccessible region is lost as the energy is increased (right column medium
and bottom). Due to the asymmetry of the Morse potential the deformed coordinate can
attain small negative values and much larger positive values along the temporal evolution.
In figure 2 we show the temporal evolution of the uncertainties in coordinate (left
column) and momentum (right column) of deformed displacement operator coherent states
(DOCS) for 〈nˆ〉 = 0.2, 2, and 4. The first row corresponds to the case with lowest
energy considered 〈nˆ〉 = 0.2, the dispersions in the deformed position and momentum are
oscillating functions with amplitudes in the range 0.3 ≤ 〈(∆Oˆ)2〉 ≤ 0.9 with Oˆ = xˆD, pˆD.
Notice that the DOCS are not minimum uncertainty states and notice also that there
is squeezing present whenever the dispersion in any coordinate is smaller than 0.5. The
second row corresponds to 〈nˆ〉 = 2, here the dispersions oscillate with larger amplitude
0.2 ≤ (∆Oˆ)2 ≤ 4.8. And finally, in the third row, 〈nˆ〉 = 4, the dispersions oscillate with
amplitude in the range 0.1 ≤ (∆Oˆ)2 ≤ 10. In the cases with 〈nˆ〉 = 2, 4 the amplitude of
the oscillations in the dispersion in the coordinate is larger than that in the momentum.
In figure 3 we show the temporal evolution of the normalized uncertainty product ∆xp =
4〈(∆xˆD)2〉〈(∆pˆD)2〉/|〈[xˆD, pˆD]〉|2 of displacement operator coherent states for 〈nˆ〉 = 0.2,
2, and 4 (frames (a), (b) and (c), respectively). We see that there are some specific times
at which the dispersion is minimal and these times do not depend on the value of 〈nˆ〉,
these correspond to the outermost trajectories shown in figure 1. At those times when
the trajectories evolve near the origin, so that 〈xˆD〉 and 〈pˆD〉 are small, the dispersions
take their largest values [ 31]. Most of the time the DOCS are not minimum uncertainty
states, the product of the dispersions seems to be a periodic function of time and the
amount of dispersion is an increasing function of 〈nˆ〉.
In figure 4 we show the dispersions in coordinate and momentum at time t = 0 as a
function of the parameter |α|. Here we see that the dispersion in the deformed coordi-
nate xˆD starts as that of a minimum uncertainty state and is an increasing function of
the parameter |α|. The dispersion in the momentum also starts as that of a minimum
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uncertainty state and is a decreasing function of the parameter |α| so it is squeezed. The
normalized uncertainty product remains near a minimum uncertainty state for small val-
ues of |α|. However, for values of |α| such that the average value of the number operator
approaches N the uncertainty product increases rapidly.
5.2. Modified Po¨schl-Teller Nonlinear coherent states, phase space trajecto-
ries and occupation number distribution
In this subsection we consider a homonuclear diatomic moleculeH2 supporting 10 bound
states. Due to the symmetry of the potential, the deformed coordinate and momentum
are written as an expansion involving odd powers of deformed operators [ 25] as:
XˆD =
√
h¯
2µω
(
AˆF (nˆ) + F (nˆ)Aˆ† + Aˆ3G(nˆ) +G(nˆ)Aˆ†3
)
(50)
PˆD = −i
√
h¯µω
2
(
AˆR(nˆ)−R(nˆ)Aˆ† + Aˆ3S(nˆ)− S(nˆ)Aˆ†3
)
(51)
where we have kept up to third order terms in the deformed operators and the coefficient
functions are given by:
F (n) =
√
2µω
h¯
〈n− 1|xˆ|n〉
f(n)
√
n
, (52)
G(n) =
√
2µω
h¯
〈n− 3|xˆ|n〉
f(n)f(n− 1)f(n− 2)
√
n(n− 1)(n− 2)
, (53)
R(n) = i
√
2
h¯µω
〈n− 1|pˆ|n〉
f(n)
√
n
, (54)
S(n) = i
√
2
h¯µω
〈n− 3|pˆ|n〉
f(n)f(n− 1)f(n− 2)
√
n(n− 1)(n− 2)
. (55)
Here, the matrix elements 〈n − β|xˆ|n〉 and 〈n − β|pˆ|n〉 are evaluated by numerical inte-
gration using the eigenfunctions of the corresponding Scro¨dinger equation.
The temporal evolution of the deformed coordinate and momentum is calculated taking
the expectation values between the states |ζ, t〉 = Uˆ(t)|ζ〉 with |ζ〉 a nonlinear coherent
state obtained by application of the deformed displacement operator on the vacuum state
|ζ〉 ' 1
(1 + |ζ|2)s
s−1∑
n=0
√√√√ Γ(2s+ 1)
n!Γ(2s+ 1− n)ζ
n|n〉, (56)
(the state is approximate since the sum contains a finite number of terms) and
Uˆ(t) = exp(− i
h¯
HˆDt)
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with
HˆD =
h¯2a2
2µ
(−nˆ2 + 2snˆ+ s).
In figure 5 we show the occupation number distributions and the phase space trajectories
of DOCS for the particular case of 〈nˆ〉 ' 0.1 and 1.0. Notice that the phase space
trajectories are symmetric with respect to the origin, this is a reflection of the symmetry
of the potential. For a small value of the parameter |α| we see a behavior similar to
that found for the Morse potential (see figure 1), that is, the phase space trajectories
fill an anular region whose width depends upon the parameter |α| (for smaller values of
|α| the width decreases) and there is an unaccessible internal region. For a larger value
of the parameter |α| the trajectories in phase space are intersecting curves occupying all
the space consistent with the energy, the unaccessible region disappears. The plots of
the occupation number distribution manifest the fact that for the cases considered here
the population is far from the dissociation and the approximation done keeping only the
bounded part of the spectrum is justified.
In figure 6 we show the temporal evolution of the average value of the deformed coordi-
nate 〈XˆD〉, its dispersion 〈(∆XˆD)2〉 and the uncertainty product 〈(∆XˆD)2〉〈(∆PˆD)2〉 for
〈nˆ〉 ' 0.1 (left column) and 1.0 (right column). For these calculations we considered a
system supporting 10 bound states. For a fixed, small value of the parameter |α| (thus a
small 〈nˆ〉) the deformed coordinate is an oscillatory function with a slightly varying am-
plitude, the corresponding dispersion is an oscillatory function whose amplitude is largest
when the amplitude of the oscillation is smallest. Notice the presence of squeezing. The
corresponding uncertainty product is shown in frame (e), it can be seen that the DOCS
we have constructed are minimum uncertainty states at the initial time and there are
some specific instants of time when the states return to be of minimum uncertainty, this
conduct is periodic. Most of the time the DOCS are not minimum uncertainty states.
For a larger value of the parameter |α| (thus a larger value of the average 〈nˆ〉) we see
that the deformed coordinate presents oscillations with varying amplitudes. The largest
amplitude corresponds to that of a field coherent state with the same energy. Notice
that when the amplitude is largest the dispersion is smallest and corresponds to that of
a minimum uncertainty state, this conduct is present at the initial time and repeats itself
periodically. Here we can see also the presence of squeezing. When the amplitude of the
oscillations in the deformed coordinate is small we see that the dispersion is large, this
is a reflection of the nonlinear terms in the Hamiltonian. The uncertainty product also
shows a periodic conduct with instants of time where the state is a minimum uncertainty
state.
Finally, in figure 7 we see the dispersions in the deformed coordinate and momentum
as a function of the parameter |α| evaluated at time t = 0. Notice that for small |α| the
dispersion in the deformed coordinate is less than 1/2 meaning squeezing, in contrast,
that of the deformed momentum is larger than 1/2 and the uncertainty product is near
the minimum possible value. As the parameter |α| increases the dispersion in the de-
formed coordinate increases so that the state is less squeezed and that of the momentum
decreases but is still far from the minimum allowed value (in the range of values for the
parameter |α| shown in the figures) so that the uncertainty product separates from the
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initial value. Because we are dealing with a finite number of bound states s and we are
not taking into account the states from the continuum we must use a small enough value
of |α| so that the average occupation number is much smaller than s.
To complete the examples, we just write the Displaced Operator Coherent States associ-
ated we the trigonometric Po¨schl-Teller potential as
|ζ(α)〉 = (1− |ζ(α)|2)λ
∞∑
n=0
ζ(α)n
√√√√Γ(2λ+ n)
n!Γ(2λ)
|n〉. (57)
with ζ(α) = eiθ tanh(|α|/√2λ). This expression should be compared with that of the
AOCS (see Eq. 33).
6. Discussion
Based on the f-deformed oscillator formalism we have introduced non linear coherent
states by generalization of two definitions, as eigenstates of a deformed annihilation opera-
tor AOCS and as the states that result by application of a deformed displacement operator
on the vacuum state DOCS. We have applied our method to Hamiltonians that contain
linear and quadratic terms in the number operator corresponding to the trigonometric
and modified Po¨schl-Teller Hamiltonians and the Morse Hamiltonian.
The AOCS and the DOCS obtained for the trigonometric Po¨schl-Teller potential are
exact because the number of bound states stupported by the potential is infinite. On
the other hand, the AOCS and the DOCS obtained for the Morse and the modified
Po¨schl-Teller potentials are approximate because the number of bound states is finite.
For the numerical results we have considered only the states obtained by application of
a deformed displacement operator on the vacuum state, in Ref. [ 33] we discussed the
nonlinear coherent states obtained as eigenstates of a deformed annihilation operator for
the Morse potential. Although from an algebraic-structure point of view the coherent
states obtained from each generalization (DOCS) or (AOCS) are different, as well as their
respective statistical behavior [ 34], the average values and the phase space trajectories
obtained with them are almost identical [ 10].
We must mentioned that the same form of nonlinear coherent states AOCS and DOCS
for the Morse and Po¨schl-Teller potentials would be obtained, if we had worked with the
true ladder operators associated with each potential [ 11]. This happen because the ladder
operators and deformed operators share the same commutation relation for these kind of
systems.
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Figure 1. Occupation number distributions (left column) and the corresponding phase
space trajectories (right column) of deformed displacement operator coherent states
(DOCS) for 〈nˆ〉 = 0.2, 2, and 4. In the calculation, a diatomic HF molecule is con-
sidered to be modeled by a deformed Morse-like oscillator with N = 22 bound states.
17
0 50 100 150 200 250
0.2
0.4
0.6
0.8
1.0
Wt
<
HD
x
D
L2 >
0 50 100 150 200 250
0.2
0.4
0.6
0.8
1.0
Wt
<
HD
p D
L2 >
0 50 100 150 200 250
0
1
2
3
4
5
Wt
<
HD
x
D
L2 >
0 50 100 150 200 250
0
1
2
3
4
Wt
<
HD
p D
L2 >
0 50 100 150 200 250
0
2
4
6
8
10
Wt
<
HD
x
D
L2 >
0 50 100 150 200 250
0
1
2
3
4
5
6
Wt
<
HD
p D
L2 >
Figure 2. Temporal evolution of the uncertainties in coordinate (left column) and mo-
mentum (right column) of deformed displacement operator coherent states (DOCS) for
〈nˆ〉 = 0.2, 2, and 4. In the calculation, a diatomic HF molecule is considered to be
modeled by a deformed Morse-like oscillator with N = 22 bound states.
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Figure 3. Temporal evolution of the normalized uncertainty product ∆xp =
4〈(∆xˆD)2〉〈(∆pˆD)2〉/|〈[xˆD, pˆD]〉|2 of displacement operator coherent states for 〈nˆ〉 = 0.2, 2,
and 4 (frames (a), (b) and (c), respectively). In the calculation, a diatomic HF molecule is
considered to be modeled by a deformed Morse-like oscillator with N = 22 bound states.
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Figure 4. Uncertainty in coordinate 〈(∆xˆD)2〉 (a), in momentum 〈(∆pˆD)2〉 (b), and the
corresponding normalized uncertainty product ∆xp = 4〈(∆xˆD)2〉〈(∆pˆD)2〉/|〈[xˆD, pˆD]〉|2
(c) at time t = 0 as functions of |α| for the DOCS. In the calculation, a diatomic HF
molecule is considered to be modeled by a deformed Morse-like oscillator with N = 22
bound states.
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Figure 5. Occupation number distributions (left column) and the corresponding phase
space trajectories (right column) of deformed displacement operator coherent states
(DOCS) for 〈nˆ〉 ≈ 0.1, 1.0. In the calculation, a modified Po¨schl-Teller potential is
modeled by a deformed oscillator with s = 10 bound states.
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Figure 6. Average coordinate (frames (a) and (b)), uncertainty in coordinate (frames (c)
and (d)), and the corresponding uncertainty product (frames (e) and (f)) of deformed
displacement operator coherent states (DOCS) for 〈nˆ〉 ≈ 0.1 (left column) and 1.0 (right
column). In the calculation, a modified Po¨schl-Teller potential is modeled by a deformed
oscillator with s = 10 bound states.
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Figure 7. Average coordinate 〈xD〉 (a), uncertainty in coordinate 〈(∆xD)2〉 (b), and the
corresponding uncertainty product 〈(∆xD)2〉〈(∆pD)2〉 (c) at time t = 0 as functions of
|α| for the DOCS. In the calculation, a modified Po¨schl-Teller potential is modeled by a
deformed oscillator with s = 10 bound states.
